The equivalence of cut-off and conventionally renormalised effective field theories is demonstrated for the example of very low energy effective field theory for the nucleon-nucleon interaction.
I. INTRODUCTION
It is widely believed that QCD is a correct theory of strong interactions. On the other hand nuclear forces are studied within different potential models. It is not clear whether or not these phenomenological approaches can be justified from fundamental theory. Effective field theory is thought as a bridge between QCD and potential models. Chiral perturbation theory serves as a low-energy effective field theory inspired by QCD.
The chiral perturbation theory approach for processes involving an arbitrary number of nucleons was formulated in [2] , [3] . Unlike purely pionic processes [1] , for the n-nucleon problem power counting should be used for the "effective potentials" and not the full amplitudes. The effective potential is defined as a sum of time-ordered perturbation theory diagrams for the T -matrix excluding those with purely nucleonic intermediate states.
To find the full S-matrix one should solve a Lippmann-Schwinger equation (or Schröedinger equation) with this effective potential in place of the interaction Hamiltonian, and with only n-nucleon intermediate states [2] .
The Lagrangian of effective field theory is highly non-renormalizable in the traditional sense but it contains all possible terms which are not suppressed by the symmetries of the theory and the ultraviolet divergences are absorbed into the parameters of the Lagrangian. Renormalization points are chosen of the order of external momenta p or less. After renormalization, the effective cut-off is of order p [3] .
There has been much recent interest in the EFT approach to nucleon-nucleon scattering problem (see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and citations in these papers).
Conventionally renormalised effective field theory encounters quite severe (technical) problems: if one takes the potential up to some order and tries to iterate via the Lippmann-Schwinger equation one will encounter divergences. One could try to include counter-terms in the potential, but due to the non-renormalizability of the theory one will have to include an infinite number of terms with more and more derivatives. One could even think that Weinberg's power counting breaks down because higher order terms are highly involved. But it should be remembered that power counting is valid after renormalization when the contributions of an infinite number of counter terms are already taken into account [13] . So, one has either to exactly solve (formally) the equation and after subtract divergences explicitly, or otherwise one should draw all relevant diagrams, subtract them and then sum these renormalised diagrams up. Although Kaplan et. al (see [10] [11] [12] ) succeeded some distance in this direction for low energies using dimensional regularization one hardly could hope that any of these methods can be applied systematically (for sufficiently high energies). Fortunately these problems can be overcome using cut-off theory. One can calculate up to any desired order, but there is a very crucial question: what is the relation between cut-off and conventionally renormalised theory? To the best of my knowledge there is no answer to this question in the literature. Moreover some authors question the validity of cut-off theory calculations (see for example [16, 17] ).
Below a simple example is considered: contact interaction of nucleons in 1 S 0 wave. The amplitude is renormalized by subtracting divergent integrals at some normalisation point and its relation to the amplitude obtained from cut-off theory is found. The numerical values of phase shifts obtained from conventionally renormalised amplitude and from the cut-off theory (without removing cut-off) are compared.
II. EXPLICIT CALCULATIONS
For the very low energy nucleon-nucleon processes the pions can be integrated out and the effective non-relativistic Lagrangian takes the following form [10] :
where the nucleonic field N is a two-spinor in spin space and a two-spinor in isotopic spin space and σ are the Pauli matrices acting on spin indices. M is the mass of nucleon and the ellipses refer to additional 4-nucleon operators involving two or more derivatives, as well as relativistic corrections to the propagator. C T and C S are couplings introduced by Weinberg [2, 3] , they are of dimension (mass) −2 and C 2 is of the order (mass) −4 . The leading contribution to the 2-nucleon potential is
in the 1 S 0 wave it gives:
where C = C S − 3C T . The next to leading order contribution to the 2-nucleon potential in the 1 S 0 channel takes the form:
The formal iteration of the potential V 0 + V 2 using the Lippmann-Schwinger equation gives for on-shell (E = p 2 /M) s-wave T -matrix [8] :
where p is the on-shell momentum and I 1 , I 3 and I 5 are divergent integrals. To renormalize (5) an introduction of an infinite number of counter-terms is necessary or otherwise the subtractions must be performed [13] . The subtraction of divergent integrals at p 2 = −µ 2 gives:
where C R , C R 2 are renormalised coupling constants and
Matching (7) to the effective range expansion
and from (7) 1
The result given in (12) does not depend on the regularization scheme. Note that the problems still encountered in a recent paper [18] when one tries to take the cut-off to infinity appear only because this paper does not follow the renormalization rules prescribed by EFT (for details see [13] ). Below a cut-off version of the above effective theory is considered and it is demonstrated that these two approaches are equivalent up to (including) p 2 order. Effective potential with sharp cutoff has the following form:
Here l is the cut-off parameter. It should be of the order of the mass of lightest particle which was integrated out [14] .C andC 2 depend on l. It is not difficult to write down the solution of the Lippmann-Schwinger equation explicitly (see [9] ):
where
Matching of (14) to the effective range expansion (9) leads to: and the solution of these equations forC andC 2 gives:
The solution of a and r e from (10) and (11) (for some value of µ) and substitution into (19) and (20) leads to a lengthy but simple relation betweenC,C 2 and C R , C R 2 the fulfilment of which guarantees that the cut-off and conventionally renormalised inverse T -matrixes are equal up to (including) p 2 order. This equality is manifested by (12) and (21). Higher order corrections to the cut-off expression are suppressed by powers of 1/l. (In terms of ν expansion of the Feynman amplitude given in [10] the two amplitudes are equal up to (including) ν = 2 order).
Substituting actual values for scattering length and effective range a = −1/(8.4MeV ) and r e = 0.0137MeV −1 into (12) and (21) one can calculate the phase shifts for l = 130MeV and µ = 0, 40, 130MeV (Note that µ = 130MeV does not violate the power counting at least for the present problem). The results are plotted in FIG.1 . As is seen from this graph the cut-off phase shifts are in good agreement with the ones of conventionally renormalised theory for low energies and describe effective range expansion results better for higher energies. µ = 0 graph account the failure ofMS renormalised effective field theory encountered in [10] 
This potential can be written as separable one:
The relativistic corrections which are suppressed by the mass of the nucleon while B and B 1 are expected to be of the order ∼ m −6
π and consequentely the relativistic corrections are not included. A straightforward generalisation of calculations with p 2 -order potential given in [8] leads to the following expression:
and
Renormalising (25) by subtracting divergent integrals at p 2 = −µ 2 one gets:
where C R , C Comparing (28) to the effective range expansion
On the other hand introducing sharp cut-off (Factor θ(l − p)θ(l − p ′ )) into the potential (22) and solving Lippmann-Schwinger equation for the T -matrix one gets the expressions (25), (26), (27) with I n replaced by I l n and I(p) replaced by I l (p). For simplicity one can takeB = 0 (B andB 1 are cut-off dependent couplings) and get:
Comparing (34) to the effective range expansion (30), after a lengthy but straightforward calculations one obtains:
Solid line corresponds to l = 115M eV , and double dash-doted, long-dashed and short-dashed lines correspond to l = 120M eV , l = 125M eV , l = 130M eV and l = 135M eV respectivelyC
Solving for a, r e and d from (31)-(33) and substituting into (35)-(43) one obtains lengthy algebraic relations betweenC,C 2 ,B 1 and C R , C 4 (the sign "-" is chosen in (36) noting that this choice copes the perturbation theory),B 1 ≈ −2.670 × 10 −13 ≈ −1/(124.6MeV ) 6 . Using these values one calculates phase shifts from (34). These phase shifts are compared with results of effective range expansion and also of (28) in FIG. 2 . The phase shifts of cut-off theory coincide with ones obtained from conventionally renormalised theory for low energies (up to 60MeV for µ = 130Mev) and for higher energies the cut-off theory is much better at describing the phase shifts of the effective range expansion.
In FIG.3 the phase shifts for different values of cut-off parameter are plotted. It can be seen that phase shifts are cut-off independent up to 80MeV .
III. CONCLUSIONS
In the simple example of low energy effective field theory for nucleon-nucleon scattering it was demonstrated that the cut-off theory is equivalent to the conventionally renormalised theory up to the order of accuracy of the considered approximation, the difference being of the order of neglected terms. This simple example is a demonstration of some general considerations about cut-off field theories formulated below.
Using chiral power counting originally developed by Weinberg for conventionally renormalised theory one may find the potential up to any desired order. Then to remove divergences one can impose cut-off regularization. The cut-off regularization destroys chiral and gauge symmetries and to restore them it is necessary to include additional terms into the Lagrangian (and consequently into the potential). Cut-off dependence of the physical quantities can be removed systematically by including additional terms into the Lagrangian [14] .
The power-law divergences, which caused higher order operators to be involved in the renormalization of the diagrams obtained by iterating low order potential, now emerge as powers of cut-off parameter. As far as cut-off should be taken of the order of masses of particles which were integrated out, it should be clear that cut-off regularization does not respect power counting and it seems that imposing this regularization will destroy the whole machinery. (The problem cannot be solved by imposing a small cut-off as cut-off regularized integrals contain inverse powers of cut-off parameters as well). But the large factors which seem to threat to the power counting can be absorbed by redefining the couplings already included into the potential [15] . Consequently fitting the parameters of the cut-off theory one can reproduce the results of the conventionally renormalised theory up to the order of accuracy maintained in the potential. The results of cut-off theory are as reliable as the ones of conventionally renormalised theory the error being of the order of terms neglected in the potential. So the reasonable success of the cut-off chiral perturbation theory originally started with work [4] should not be a surprise. Although the cut-off theory is technically a bit complicated it has a great advantage in that one can find amplitudes solving equations. Note that there are no self-contained equations for conventionally renormalised amplitudes in this non-renormalizable (in the traditional sense) effective field theories and one has to sum up renormalised diagrams.
